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Abstract

Hankel integral transforms are important mathematical tools for analysing oscillatory phenomena,
radial systems, and Bessel-function-based processes. Despite extensive theoretical advances, their
integration with heavy-tailed probability models remains limited. This PRISMA-guided systematic
literature review examined theoretical developments, applications, distributional integrations, and
research opportunities using PubMed, Scopus, Web of Science, Science Direct, Google Scholar, and
other sources. From 1,388 retrieved records, rigorous screening, quality assessment, and content
evaluation identified 15 studies and 2 reports for synthesis. Findings showed significant advances in
classical, fractional, multidimensional, and generalised Hankel transform methods. However, most
studies remained theoretical, with few practical applications. Heavy-tailed probability distributions
were rarely incorporated, while pharmacokinetic and biomedical applications were largely absent.
Oscillatory modelling and extreme-value analysis also evolved largely as separate research domains.
The review identifies a critical gap in integrating Hankel transforms with Fréchet-type distributions
and highlights the absence of a unified framework for modelling oscillatory behaviour under ex-
treme variability. These findings provide a strong theoretical basis for developing Fréchet-based

Hankel transform frameworks for heavy-tailed, oscillatory, and pharmacokinetic systems.

Keywords: Hankel transform; Integral transforms; Fréchet distribution; Pharmacokinetic modelling;

Oscillatory processes; Systematic literature review.

1. Introduction

The analysis of oscillatory and highly variable phenomena remains a central challenge across
mathematical physics, engineering, and biomedical sciences. Integral transforms have historically
provided powerful analytical frameworks for simplifying complex systems by converting differen-
tial problems into more tractable forms. Among these transforms, the Hankel integral transform

occupies a unique position due to its natural association with radial symmetry and Bessel-function
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kernels, making it particularly suitable for modelling wave propagation, diffusion processes, imag-
ing systems, and other oscillatory phenomena (Baddour, 2014; Piessens, 2000). Over the past two
decades, significant advances have been made in extending the classical Hankel transform through
fractional formulations, multidimensional representations, distributional frameworks, convolution
operators, and numerical real-order implementations, thereby broadening its theoretical founda-
tions and practical applicability (Betancor, 2005; Waphare & Shaikh, 2023).

At the same time, modern pharmacokinetic (PK) studies increasingly encounter concentra-
tion-time profiles characterised by strong oscillations, substantial between-subject heterogeneity,
skewness, and heavy-tailed behaviour. These characteristics frequently violate the assumptions un-
derlying traditional Gaussian-based analytical frameworks, resulting in inadequate representation
of extreme observations and complex biological variability. Extreme-value distributions, particular-
ly the Fréchet distribution, provide a theoretically sound mechanism for modelling such
heavy-tailed behaviour and rare but influential events. Despite the growing relevance of both
Hankel-transform theory and Fréchet-based modelling, the existing literature reveals little integra-
tion between these two research domains. Furthermore, most applications of integral transforms in
PK modelling continue to rely predominantly on Fourier-based or time-domain approaches, while
the potential of Hankel-based frameworks for analysing oscillatory processes under extreme varia-
bility remains largely unexplored. This disconnect has created a significant theoretical and method-
ological gap in the literature.

Therefore, this study conducts a systematic literature review (SLR) to critically examine exist-
ing developments in Hankel integral transforms, related oscillatory-transform frameworks, and dis-
tributional extensions. Guided by the PRISMA methodology, the review synthesises current
knowledge, identifies methodological limitations, and establishes a rigorous conceptual foundation
for the future development of Fréchet-based Hankel transform models for oscillatory and

heavy-tailed pharmacokinetic systems.

2. Materials and Methods
This study adopted the PRISMA framework recommended by Haddaway et al. (2022). The

review process comprised four phases: formulation of research questions aligned with the study
objectives, development of a search design including search terms and selection strategies, data ex-
traction and quality assessment of identified studies, and data synthesis involving final study inclu-

sion and evidence integration (Azihaiwe-Justin et al., 2025; Ani et al., 2026; Ani ef al., 2026).

2.1. Research Questions

This SLR synthesises evidence on Hankel transforms, their possible distributional integration,
and research gaps. Four research questions (RQs) were formulated to guide the review as follows:
(i.)  What are the existing Hankel integral transforms?
(ii.) What are other existing integral transforms used for oscillatory series characterisations?
(iii.) What are the existing Hankel mixtures?
(

iv.) What are the limitations of existing Hankel transforms and mixtures?

2.2. Database Search Strategy
The search design involved the search terms, resources (i.e. literature), and search procedure.
Finally, identified literature was then retrieved and imported into the Rayyan software for addi-

tional screening (Ouzzani et al., 2016).
Ani et al. (2026)
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2.2.1. Literature Search Process

The Boolean search string presented in Table 1 was systematically developed from the formu-
lated RQs by identifying key concepts, relevant synonyms, alternative spellings, and keywords from
related literature. Boolean operators (i.e. OR) and truncation techniques were employed to enhance
search sensitivity, comprehensiveness, and retrieval efficiency consistent with established SLR
guidelines (Ani ef al., 2026; Ani et al., 2026; Haddaway et al., 2022).

Table 1. Keywords: Mixtures for Literature Retrieval

(Hankel* OR "Hankel transform" OR "Hankel-Fréchet" OR "Hankel Frechet" OR oscillatory* OR Quasi-oscillatory* OR fluctu-
at* OR periodic* OR cyclic* OR radia*) OR ("pharmacokinetics" OR pharmacokinetic* OR "population PK" OR “Popula-
tion-level PK” OR “pharmacodynamics” OR pharmacodynamics* OR "population PD" OR “Population-level PD”) OR
("heavy-tail*" OR "extreme value distribution*" OR "distributional theor*" OR elliptical distribution*) OR ("Bessel function"
OR “Bessel equations” OR Bessel equation* OR Bessel differential*) OR (“epidemiolog*” OR “disease” OR “public-health”
OR “global health” OR “health”) OR (“time-series*” OR “time series*” OR series*)

2.2.2. Indexed Database Records

This study utilised secondary data obtained from literature identified through the search que-
ry in Table 1. Relevant publications were retrieved from PubMed, Web of Science, Google Scholar,
Science Direct, Scopus, and other sources. Searches were conducted primarily using titles and ab-
stracts to identify peer-reviewed journal articles, book chapters, conference proceedings, workshops,

and symposium publications.

2.2.3.Study Identification Procedure

As previously noted, this SLR employed a comprehensive literature search strategy (see Fig. 1).
An exhaustive search was conducted across the five electronic databases listed in Section 2.2.2, and
all retrieved studies were compiled as potential resources. Additionally, reference lists of identified
studies were manually examined in line with the RQs to locate further relevant records for inclu-

sion.

2.3. Study Screening and Selection

Study selection followed the PRISMA framework through identification, screening, eligibility,
and inclusion. Searches across five databases yielded 1,388 records; 612 were removed before
screening. Of 776 screened using eligibility, quality, and content criteria (Tables 2-4), 748 were ex-
cluded. Twenty-eight full texts were assessed, with further exclusions applied. Five additional re-
ports were identified, leaving 15 studies and 2 reports for final synthesis. As illustrated in Fig. 1, all
eligible studies were systematically managed using Mendeley to facilitate structured screening,

transparent tracking, and consistent citation management throughout the review process.

Ani et al. (2026)
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Identification of new studies via databases and registers

Records identified from:
Databases (n=5):
PubMed (n =191)

Web of Science (n = 72)

Google Scholar (n = 326)

ScienceDirect (n = 293)
Scopus (n = 506)

Records removed before screening:
Duplicate records (n = 435)
Records marked as ineligible by automation
tools (n = 134)

Records removed for other reasons (n = 43)

Y
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H
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—

Reports sought for retrieval

Identification of new studies via other methods

Records identified from:
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Citation searching (n = 3)

Reports not retrieved

(n=28) (n=0) (n="5) (n=0)
Reports excluded:
Y Ethical and reporting concerns (n = 4) Reports excluded:
Reports assessed for eligibility Irrelevant scope and research Reports assessed for eligibility Irrelevant scope and research
(n=28) question (n=3) (n=5) question (n = 1)

Language restrictions (n=4)
Inappropriate study design (n=2)

'

New studies included in review

Reports of new included studies

(n=15)

Inappropriate study design (n = 2)

(n=2)

Figure 1. PRISMA-based study selection flowchart

2.3.1. Inspection

As shown in Figure 1, 1,388 studies were identified and systematically screened against the

study aim, research questions, and assessment criteria. Titles and full texts were reviewed, excluding

studies not addressing the study aim. Only English-language, peer-reviewed publications and

scholarly sources were included in Rayyan. Duplicate records were removed, retaining the most

complete versions. The SLR covered Hankel and related integral transforms published between

January 1, 2000 and December 31, 2025 (see Table 2).

Table 2. Study Selection Criteria

S/N

Inclusion Criteria

Exclusion Criteria

ii

iii

iv

Studies published between January 1, 2000 and December 31,
2025.

English-language (or officially translated) peer-reviewed schol-
arly publications, including journals, conference papers, books,
and book chapters.

Studies on Hankel transforms, related integral transforms, oscil-
latory phenomena, Bessel frameworks, extreme-value distribu-
tions, or pharmacokinetic modelling.

Empirical, theoretical, computational, simulation, methodologi-
cal, or applied studies addressing at least one research question.
Studies providing adequate methodological, theoretical, numer-

ical, or application details for meaningful synthesis.

Grey literature or publications with incomplete bibliographic
information.

Non-English publications without accessible English ver-
sions and non-scholarly sources (e.g., editorials, commen-
taries, newsletters).

Studies outside the review scope or not addressing Hankel
transforms, related mathematical frameworks, or the re-
search questions.

Studies with insufficient methodological details, incomplete
results, or inaccessible full texts.

Studies lacking scholarly validation or relying solely on

unverified self-reported information.

Note: Duplicate records identified across databases were removed, retaining only the most complete and recent version for

assessment and inclusion.

Ani et al. (2026)
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2.3.2. Critical Appraisal Checklist

The critical appraisal questions (CAQs) of selected literature were attained using a scor-
ing/weighting technique to obtain relevant studies that are capable of providing answers to the
stated research questions. Some CAQs were formulated so as to assess the applicability, relevance,

completeness, and credibility of the studies selected.

Table 3. Critical Appraisal Questions (CAQs)

S/N  Assessment Questions

i Are the aims/objectives of the study plainly stated?

ii. Is the Hankel transform clearly stated?

iii.  Is the Hankel integral transform applied to experimental or simulated datasets?

iv. Is the Hankel mixture form or Hankel distribution form clearly stated?

V. Are the properties and behaviour of the Hankel transform clearly stated?

vi.  Are there any limitations concerning the Hankel or related transform used? Are these limitations clearly stated?

Table footnote: Yes = 1 score if the CAQ is answered; Partially = 0.5 score if the CAQ is moderately answered; No = 0 score if

the CAQ is not answered.

The CAQs in Table 3 were scored as Yes (1), Partially (0.5), or No (0), with total scores deter-
mining study quality. Assessment disagreements were resolved by author consensus. Only studies
scoring >3 (>50%) were included. Of 776 screened records, 748 were excluded, leaving 28 for detailed
assessment. In line with the CAQs, nine more studies were excluded, leaving 15 studies and 2 re-

ports, which met the eligibility and quality criteria (see Table 3.1).

Table 3.1. Critical Appraisal Scores of the Selected Studies

S/No. Record ID CAQ1 CAQ2 CAQ3 CAQ4 CAQ5 CAQ6 Total Score
1. G711 1 0.5 0.5 0.5 0.5 0.5 35
2. G531 1 1 1 1 0.5 1 5.5
3. G017 1 0.5 0.5 1 0.5 0.5 4
4. G039 1 1 0.5 0.5 1 0.5 45
5. G232 1 0.5 0.5 0.5 0.5 0.5 35
6. G151 1 0.5 1 1 1 1 5.5
7. G701 1 1 1 0.5 1 1 55
8. G180 1 1 1 0.5 1 0.5 5
9. G055 1 1 0.5 1 0.5 1 5
10. G187 1 0.5 1 1 1 1 55
11. G218 1 1 1 1 1 1 6
12. G062 1 1 0.5 0.5 1 0.5 4.5
13. G431 1 1 1 1 1 1 6
14. G522 1 1 1 1 0.5 0.5 5
15. G343 1 1 1 1 1 1 6
16. G691 1 1 1 1 1 1 6
17. G307 1 1 1 1 1 1 6

Table footnote: G denotes papers with three-digit numbers representing the 748 records initially selected before applying the CAQs; so, after applying the CAQs, 17

studies identified under the records ID column were selected as the most relevant articles to the study aim, having met the quality assessment target score (e.g. G000).

Ani et al. (2026)
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Table 3.1 summarises all eligible studies, including their titles, bibliographic information, ob-
jectives, data sources and types, analytical approaches, key findings, and remarks. Guided by the
CAQs, these systematically extracted data enhanced review credibility and supported the synthesis

of evidence presented in the study.

2.4. Data Synthesis

Data synthesis in this review aims to evaluate and summarise evidence from the selected
studies to address the formulated RQs. The 17 eligible studies were critically examined using the
CAQs and content evaluation measures (Tables 5 and 4). To enhance precision and coherence, find-
ings were systematically integrated with the review objectives. Both qualitative and quantitative
data were synthesised, while evidence relating to RQ1-RQ4 was organised using structured tables

and visual presentation tools.

Table 4. Framework for Content Evaluation and Data Extraction

S/N  Evaluation Component Description
1. Study Identification and Bibliographic Infor- Unique study identifier, publication title, year of publication,
mation authorship details, and source of publication used to facilitate

study tracking and referencing.

2. Publication Category Classification includes journal articles, conference papers,
workshop papers, book chapters, and other review articles.

3. Research Focus and Objectives Description of the principal problem addressed, study scope,
rationale, and the specific aims or objectives guiding the inves-
tigation.

4. Data Characteristics Information regarding the origin of the data, data source, na-
ture of the dataset, and classification of the data employed in
the study.

5. Analytical and Methodological Approach Details of the analytical framework adopted, including the
integral transform techniques, hybrid transform models,
probability distributions, mathematical formulations, or com-
putational procedures utilised.

6. Key Outcomes, Findings, and Limitations Summary of the major findings, conclusions, identified con-
straints, methodological limitations, and implications arising

from the study.

Books/Chapt Reviews, 69
ers, 187

Workshops,
43

Figure 2. Number of collated resources
Ani et al. (2026)
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Figure 2 provides the number of literature resources according to the type of publication,

while Figure 3 shows the number of publications from Jan 1, 2000 to Dec 31, 2025.

101

20002002 2004 2006 2008 2010 2012 2014 2016 2018 2020 2022 2024

Figure 3. Distribution of publications per year collated from 2000 to 2025

Figure 3 illustrates a generally increasing trend in Hankel-transform-related publications be-
tween 2000 and 2025. Publication output accelerated markedly after 2020, reaching its highest levels
during 2023-2025, reflecting expanding research activities in fractional, computational, and general-

ised Hankel-transform formulations.

g-Hankel transform...
Weighted transplantation...
Fractional Hankel transforms
Combinatorial Hankel...
Numerical real-order Hankel...
Distributional and covolution...
Generalized shift operators
Polar/Fourier-Hankel...
Entire-function spaces
Hankel convolution operators
Distributional Hankel analysis
Boundary-value problem...
Classical Hankel transform...

Figure 4. Cumulative emergence of methodological research in Hankel-transform research from 2000 to 2025

Figure 4 shows the cumulative progressive accumulation of distinct methodological areas
identified across the selected studies, illustrating the evolution of the field from foundational theory

to advanced fractional and computational formulations.

3. Results and Discussions
3.1. An Overview of Selected Studies

This subsection presents an overview of the selected studies (see Table 5);

Ani et al. (2026)
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Table 5. Extracted data from included publications on integral transforms

S/N Title Bibliographic details Study objectives Methodology Key findings
Author’s Year Integral Incorpo-
name transform rated trans-
forms/
functions

1. Abelian and Tauberian Atanasova, 2025 The study aims to Hankel Fractional The study showed that the
results for the fractional | S., Jaksi¢, S., explore the qua- transform Hankel Tauberian result is linked to
Hankel transform of Maksimovic, si-asymptotic be- transform the asymptotic behaviour of
generalised functions. S., and haviour of distribu- generalised functions in the

Pilipovié, S. tions using the frac- Zemanian space along with
tional Hankel trans- the asymptotics of the frac-
form (FrHT). tional Hankel transform.

2. Uniform weighted ine- Oscar Ciaur- | 2025 To evaluate uniform | Hankel None A weighted vector-valued
qualities for the Hankel | ri weighted inequali- transform inequality is obtained. Conse-
transform ties for the Hankel (HT) quently, the study obtained an
transplantation operator transform trans- extension of a transference

plantation operator. theorem due to Rubio de
Francia.

3. Advancements in Ola A. Ash- | 2025 This study presents | Hankel Big q-Bessel | The study established rigorous
q-Hankel Transforms our, Ra- a novel variant of a transform functions conditions under which the
Based on Certain Ap- jagopalan finite q-Hankel finite g-Hankel transforms
proach of Big g-Bessel Ramaswamy transform derived exhibit
Functions and Applica- | and Karima from big q-Bessel only real zeros and demon-
tions. M. Oraby Functions. strate their adherence to

well-defined asymptotic and
symmetric
patterns.

4. Fractionalization of B. B. 2023 To extend classical Hankel Ba- The key findings show that
Hankel Type Integral Waphare Hankel-type integral | transform rut-Girardell | fractionalization substantially
Transforms and Their and R. Z. transforms by in- o type enlarges the associated class of
Relevance Shaikh troducing their frac- transforms evolution problems.

tional-order coun-
terparts.

5. A Numerical Algorithm | Yang 2022 The study proposed | Hankel None In the study, the numerical
for Arbitrary Real-Order | Yonglin, Li a high-precision and | transform algorithm for the nth-order
Hankel Transform Xing, Ding efficient numerical Hankel transform is studied,

Shenghu, algorithm for calcu- and the G-SILTM algorithm is
and Wang lating the integral of given. The numerical solutions
Wenshuai high-oscillation of the examples are in good

agreement with the analytical

solutions.

Ani et al. (2026)
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6. Hankel Transform of the | Roberto B. 2021 To develop the Hankel Cigler func- | Significantly, the result re-
First Form Corcino Hankel transform of | transform tion vealed that the Hankel trans-
(q; r)-Dowling Numbers the generalised form of the first form

g-exponential poly- (q; r)-Dowling numbers is
nomial obtained as a special case.

7. The Hankel Transform Colin J.R. 2015 To examine the hy- Hankel Fourier The study demonstrates that in
in Sheppard, perspherically transform transform several wave-based imaging
n-dimensions and Its Shan S. Kou, symmetric Fourier and signal-processing con-
Applications and Jiao Lin transform in texts, Fourier representations
in Optical Propagation (n)-dimensional are geometrically constrained
and space. in reciprocal space.

Imaging

8. A study on Hankel Parmod 2015 To demonstrate that | Hankel Fourier and | The key finding is that the
transform and its rela- Kumar the Hankel trans- transform Bessel Hankel transform can be in-
tion to the form represents an transform terpreted as a continuous an-
Fourier transform arbitrary function alogue of the Fourier-Bessel

series.

9. Application of the gen- Natalie 2014 To demonstrate that | Hankel General- The study establishes that the
eralised shift operator to | Baddour the Hankel trans- transform ised-shifted | generalised shift is essential
the Hankel transform form can be ex- function for preserving the standard

pressed solely in operational properties of the
terms of the radial Hankel transform.
coordinate.

10. On the Laplace Trans- K. A. Penson | 2014 To derive exact ana- | Laplace Frechet The key findings show that
form of the Fréchet Dis- | and K. lytical expressions transform distribution | closed-form Laplace trans-
tribution Gorska for the Laplace forms exist only for rational

transform of the shape parameters and can be
Fréchet distribution. expressed via Meijer G func-
tions.

11. Two-Dimensional Fou- Natalie 2011 To develop the Fou- | Two-Dimen | Hankel This study considered the
rier Baddour rier operational sional Fou- Transform polar-coordinate version of the
Transforms in Polar toolset of Dirac del- | rier Radially standard 2D Fourier transform
Coordinates ta, exponential, and | Transforms Symmetric and derived the operational

spatial shift Functions toolset required for standard
Fourier operations.

12. Hankel Convolution Jorge . 2005 To explore and Hankel On Spaces The study revealed that
Operators on Spaces Betancor evaluate the Hankel | transforms of Entire Hankel transforms and
of Entire Functions of transforms and and Hankel | Functions of | Hankel convolution operators
Finite Order convolution opera- convolution | Finite Order | canbe defined on spaces of

tors. operators entire functions of finite order
and their duals.

13. Hankel convolution M. Belhadj 2002 To explore Hankel Hankel On the space | The study characterises the
operators on entire and J.J. convolution opera- convolution | ofevenand | Hankel convolution operators
functions and distribu- Betancor tors on the space of operators on Schwartz | as those that commute with

Ani et al. (2026)
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tions even, entire func- distribution Hankel translations and with a
tions, and on spaces Bessel operator.
Schwartz distribu-
tion spaces.

14. On Hankel transforms Mohamed 2021 The study deals Hankel Bessel ma- Key findings showed that the
of generalised Bessel Abdalla with the evaluation transform trix func- derived transforms are associ-
matrix polynomials of the Hankel trans- tions as ated with products of certain

form involving Bes- kernels elementary functions and
sel matrix functions generalised Bessel matrix
in the kernel. polynomials.

15. Beurling Distributions Mohamed 2002 To study the Beurl- Hankel Beurling The study established some
and Hankel Transforms | Belhadj and ing-type distribu- transforms distributions | algebraic properties for the

Jorge]. tions involving (BDs) distributional Hankel convo-
Betancor Hankel transforms. lution.

16. Hankel Transformation | M. Belhadj 2001 To study the Hankel | Hankel Tempered The study establishes that the
and Hankel Convolu- and]. J. transform using the | transform Beurling Hankel transform can be ex-
tion of Tempered Betancor Fréchet spaces of and Hankel | distributions | tended as a continuous linear
Beurling Distributions tempered Beurling convolution operator on tempered Beurling

distributions. distributions.

17. The Hankel Transform Robert Pies- | 2000 To examine the Hankel Bessel func- | The key findings indicate that

sens Hankel transform, transform tions/transfo | applying the Hankel transform
an integral trans- rms to Laplace’s partial differential

form characterised
by Bessel function

kernels.

equation expressed in cylin-
drical coordinates reduces the
problem to an ordinary dif-

ferential equation.

Table footnote: BDs - Beurling distributions; Fractional Hankel transform (FrHT); G-SILTM - G-S Inverse Laplace Transform Method,;

G-S - Gaver-Stehfest; HT — Hankel Transform; LTACA - Linear Transformation Accelerated Convergence Algorithm.

Table 5 shows classical Hankel transforms dominate the 17 studies, while advanced extensions

remain underexplored, highlighting methodological opportunities.

3.2. Existing Hankel Integral Transforms and Hankel Mixtures

This chart summarises the major Hankel-transform formulations identified in the selected lit-
erature in-line with RQ1 & RQ3.

Ani et al. (2026)
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Numerical Real-Order Hankel
Transform
Multidimensional Hankel
Transform

Distributional Hankel Transform
Hankel Convolution/Operators
Fractional Hankel Transform

Classical Hankel Transform 39.0%

Figure 5. Distribution of Hankel Transform Variants Identified in Selected Studies

3.3. Other Existing Integral Transforms used for Oscillatory Series Characterisations
This chart identifies competing or complementary transforms used alongside Hankel method-

ologies in-line with RQ2.

Generalized Fourier Fractional
Shift Transform Fourier-Type
Operators 9 Frameworks
14% 7%

Mellin-Based Laplace
Methods Transform
10% 17%

Figure 6. Alternative Integral Transforms and Related Frameworks

Figure 6 shows Fourier and Bessel approaches dominated excluded studies, while heavy-tailed

transform integration remained scarce, revealing pharmacokinetic research gaps.

3.4. Limitations of Existing Hankel Transforms and Mixtures

In line with RQ4, this review synthesised methodological limitations identified across 1,388
screened records on the Hankel integral transform. Most selected studies were predominantly theo-
retical, emphasising transform properties, inversion formulas, convergence analysis, and operator
extensions, with limited real-world applications. Only two studies incorporated heavy-tailed dis-
tributions, namely the Fréchet-based Laplace transform approach of Penson and Gorska (2014) and
the Hankel transformation of tempered Beurling distributions by Belhadj and Betancor (2001). Ap-
plications in pharmacokinetics and biomedical systems were notably scarce. Furthermore, existing
transform-based methods primarily model average system behaviour, providing limited treatment
of extreme oscillatory events. The review also revealed a lack of integration between oscillatory

modelling and extreme-value theory, which have largely evolved as separate research domains

Ani et al. (2026)
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(Baddour, 2014; Baddour, 2011; Ramos ef al., 2019). Although Fréchet distributions are widely ap-
plied in several disciplines, their incorporation into integral-transform theory, particularly
Hankel-type transforms, remains limited. Consequently, the absence of Hankel-Fréchet integration

and pharmacokinetic applications strongly justifies further research in this area.

3.6. Identified Gaps in the Literature

This SLR demonstrates a steady expansion of the field from foundational transform theory
toward fractional, computational, distributional, and generalised formulations. Despite this growth,
no study integrates Fréchet-based extreme-value modelling within a Hankel-transform framework
for pharmacokinetic applications, highlighting a major research gap. Consequently, there is cur-
rently no well-established theoretical framework describing the Hankel transform of one-parameter
or two-parameter Fréchet distributions, nor their associated mathematical properties, inversion
structures, or applications to oscillatory systems. Collectively, these gaps demonstrate that current
literature has not adequately addressed the intersection of three important areas: Hankel transform
theory, Fréchet extreme-value distributions, and oscillatory pharmacokinetic processes. The absence
of a unified framework linking these domains represents a substantial knowledge gap. Therefore,
developing the Hankel transform of one-parameter and two-parameter Fréchet distributions, inves-
tigating their mathematical properties, and exploring their applicability to oscillatory pharmacoki-
netic phenomena constitute a novel and meaningful contribution to both transform theory and ap-

plied statistical modelling.

3.7. Potential Threats and Study Limitations

Two major threats to validity were data extraction errors and publication bias. These were
minimised through predefined search strategies, eligibility criteria, PRISMA procedures, and manual
reference screening. However, limitations remain, including reliance on English-language,
peer-reviewed studies (2000-2025), exclusion of grey literature and low-quality studies, possible in-
adequacies in data synthesis despite established criteria, and the potential omission of relevant un-

published, emerging, or non-indexed studies on Hankel transforms and oscillatory phenomena.
4. Conclusion

This SLR synthesised developments in Hankel integral transform theory and applications from
2000-2025. Findings showed major advances in transform formulations, inversion methods, convo-
lution structures, fractional extensions, and generalised function spaces. However, research re-
mained largely theoretical, with limited practical applications. A significant gap exists in integrating
Hankel transforms with heavy-tailed distributions, particularly the Fréchet distribution, despite its
importance in modelling extreme events. Pharmacokinetic and biomedical applications were also
scarce, with most studies focusing on average rather than extreme oscillatory behaviour. The review
concludes that integrating Hankel transforms, Fréchet distributions, and extreme-value modelling
offers a strong theoretical foundation for advancing pharmacokinetic and oscillatory process model-

ling.

Data Availability
The corresponding author will make available any form of data concerning this study review

upon request. All database records were imported into Rayyan, duplicates removed, and titles and

Ani et al. (2026)
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abstracts screened using predefined eligibility criteria. Potentially eligible studies underwent
full-text assessment, with inclusion decisions and exclusion reasons documented to ensure trans-

parent, auditable, and reproducible study selection.

References

Abdalla, M. (2021). On Hankel transforms of generalized Bessel matrix polynomials. AIMS Mathe
matics, 6(6), 6122-6139. https://doi.org/10.3934/math.2021359

Ani, C. L., Tasi'u, M., Usman, A. & Zakari, Y. (2026). A systematic literature review of multivariate

normal variance-mean mixture representations in pharmacokinetic studies.
NSPS-ABU-26/Proceedings of the Nigerian Society of Physical Sciences, 3, 265, 1-12.
https://doi.org/10.61298/pnspsc.2026.3.265

Ani, C. L, Tasi’'u, M., Usman, A. & Zakari, Y. (2026). Identifying Heavy-Tailed Random-Effects and

Residual Error Distributions in Mixed-Effects and Pharmacokinetic Modelling: A Systematic

Review. Proceedings of 3rd International Conference on Mathematical Modelling Optimization and
Analysis of Disease Dynamics (ICMMOADD), 3(1), 19-37

Ashour, O.A.,, Ramaswamy, R. & Oraby, K. M. (2025). Advancements in g-Hankel Transforms
Based on Certain Approach of Big g-Bessel Functions and Applications. Symmetry, 17, 1498.
https://doi.org/10.3390/sym17091498

Atanasova, S., Jaksi¢, S., Maksimovi¢, S., & Pilipovi¢, S. (2025). Abelian and Tauberian results for the

fractional Hankel transform of generalized functions. Integral Transforms and Special Functions,
1-14. https://doi.org/10.1080/10652469.2025.2584477

Azihaiwe-Justin, A. N., Maduka, O. & Ani, C. L. (2025). A Systematic Literature Review of Ap
proaches on Enhancing Medication Adherence in HIV-Positive Patients, Port Harcourt Journal
of Public Health 1, 137. http://phjph.com/index.php/pjph/article/view/38

Baddour. N. (2014). Application of the generalized shift operator to the Hankel transform.
SpringerPlus, 3, 246. https://doi.org/10.1186/2193-1801-3-246

Baddour, N. (2011). Two-Dimensional Fourier Transforms in Polar Coordinates. Advances in Imaging
and Electron Physics, 165. ISSN 1076-5670. https://doi.org/10.1016/B978-0-12-385861-0.00001-4

Belhadj, M. & Betancor, J. J. (2002). Hankel convolution operators on entire functions and distribu
tions. Journal of Mathematical Analysis and Applications, 276(1), 40-63. ISSN 0022-247X.
https://doi.org/10.1016/50022-247X(02)00350-5

Belhadj, M. & Betancor, J. J. (2002). Beurling Distributions and Hankel Transforms. Math. Nachr.,
234(1),19-45.https://doi.org/10.1002/1522-2616(200201)233:1<19:: AID-MANA19>3.0.CO;2-B

Belhadj, M. & Betancor, J. J. (2001). Hankel Transformation and Hankel Convolution of Tempered
Beurling Distributions. Rocky Mountain Journal of Mathematics, 31(4), 1171-1203.

Betancor, J. J. (2005). Hankel Convolution Operators on Spaces of Entire Functions of Finite Order.
Canad. Math. Bull. 48(2), pp. 161-174. https://doi.org/10.4153/cmb-2005-014-2

Ciaurri, O. (2025). Uniform weighted inequalities for the Hankel transform transplantation opera
tor. Rev. Real Acad. Cienc. Exactas Fis. Nat. Ser. A-Mat. 120:5.
https://doi.org/10.1007/s13398-025-01799-w

Corcino, R. B. (2021). Hankel Transform of the First Form (q; r)-Dowling Numbers. European Journal
of Pure and Applied Mathematics, 14(3): 746-759. ISSN 1307-5543-ejpam.com.
https://doi.org/10.29020/nybg.ejpam.v14i3.3953

Ani et al. (2026)


https://doi.org/10.3934/math.2021359
https://doi.org/10.61298/pnspsc.2026.3.265
https://doi.org/10.3390/sym17091498
https://doi.org/10.1080/10652469.2025.2584477
http://phjph.com/index.php/pjph/article/view/38
https://doi.org/10.1186/2193-1801-3-246
https://doi.org/10.1016/B978-0-12-385861-0.00001-4
https://doi.org/10.1016/S0022-247X(02)00350-5
https://doi.org/10.1002/1522-2616(200201)233:1%3c19::AID-MANA19%3e3.0.CO;2-B
https://doi.org/10.4153/cmb-2005-014-2
https://doi.org/10.1007/s13398-025-01799-w
https://doi.org/10.29020/nybg.ejpam.v14i3.3953

ICSSDA-PRPO006, 21st-24th July, 2026. Proceedings Paaper 14 of 14

Haddaway, N. R., Page, M. ]., Pritchard, C. C., & McGuinness, L. A. (2022). PRISMA2020: An R
package and Shiny app for producing PRISMA 2020-compliant flow diagrams with interactive
ity for optimized digital transparency and Open Synthesis Campbell Systematic Reviews, 18,
€1230. https://doi.org/10.1002/cl2.1230

Kumar, P. (2015). A study on Hankel transform and its relation to the Fourier transform.  Inferna

tional Journal of Advanced Research in Computer Science and Software Engineering, 2(5), 555-558.
https://doi.org/10.23956/ijarcsse.v2i5.117

Ouzzani, M., Hammady, H., Fedorowicz, Z., & Elmagarmid, A. (2016). Rayyan - a web and Mobile
App for Systematic Reviews. Systematic Reviews, 5, 1-10. https://doi.org/10.1186/s13643-016-
0384-4

Penson, K. A., & Gorska, K. (2014). On the Laplace transform of the Fréchet distribution. Journal of
Mathematical Physics, 55(9), 093501. https://doi.org/10.1063/1.4893338

Piessens R (2000) The Hankel Transform. In The Transforms and Applications Handbook, Second Edition.
CRC Press, Boca Raton , pp 9.1-9.30.

Ramos, P. L., Louzada, F., Ramos, E., & Dey, S. (2019). The Fréchet distribution:
Estimation and application-An overview. Journal of Statistics and Management Systems,
23(4), 549-578. https://doi.org/10.1080/09720510.2019.1645400

Sheppard, C. ] .R, Kou, S. S. & Jiao, L. (2015). The Hankel Transform in n-dimensions and Its Ap
plications in Optical Propagation and Imaging. 135-184.

Waphare, B. B. & Shaikh, R. Z. (2023). Fractionalization of Hankel Type Integral Transformsand
Their Relevance. Eur. |. Math. Anal., 3(6). https://doi.org/10.28924/ada/ma.3.6

Yang, Y. L., Li, X. & Wang, W. S. (2022). Wettability of semispherical droplets on layered elastic gra
dient soft substrates [J]. Scientific Reports, 11(1): 22-36.

Yonglin, Y., Li, X,, Ding, S. & Wang, W. (2022). A Numerical Algorithm for Arbitrary Real- Order
Hankel Transform. Wuhan University Journal of Natural Sciences, 27(1): 026- 034.
https://doi.org/10.1051/wujns/2022271026

Ani et al. (2026)


https://doi.org/10.1002/cl2.1230
https://doi.org/10.23956/ijarcsse.v2i5.117
https://doi.org/10.1186/s13643-016-%20%090384-4
https://doi.org/10.1186/s13643-016-%20%090384-4
https://doi.org/10.1063/1.4893338
https://doi.org/10.1080/09720510.2019.1645400
https://doi.org/10.28924/ada/ma.3.6
https://doi.org/10.1051/wujns/2022271026

