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ABSTRACT

In this paper, a new version of scaled Teissier distribution namely length biased scaled Teissier
distribution is proposed and studied. The density function and its behavior, mode and non-central
moments have been discussed and studied. The parameters of this distribution are estimated by the
methods of moments and maximum likelihood. Finally, an application of the new model to some real-
life and synthetic datasets is presented, and the performance compared with that of the traditional scaled
Teissier distribution.

Keywords: Generalized integro-exponential function, Golden ratio, Likelihood method, Length-biased
distributions, Water quality.

1. INTRODUCTION

One class of probability distributions that stood the test of time is the length-biased (LB) distributions;
see Fisher (1934), Rao (1965), and Cox (1969). The LB distributions are a special case of weighted
distributions, which have been derived from a length-biased sampling procedure (Patil, 2002).
Traditional probability distributions assume independence and identical distribution of observations,
which may not hold true with some real-life datasets. LB distributions address this limitation by
incorporating the observation period or "length™ into the distribution. LB probability distributions offer a
valuable tool for improving the accuracy and uncertainty quantification in modeling, and research effort
is geared towards exploring their full potential and integrating them with emerging methodologies.

The LB distributions have found applications in diverse areas including reliability analysis,
environmental science and ecology. Patil and Rao (1978) gave a review of various classical distributions
and their LB versions, while Khattree (1989) offered a tabular presentation of relationships existing
among variables of some probability distributions and their LB versions. A comprehensive review of
different LB distributions and their applications has been provided by Olyede and George (2002).
Specifically, Leiva, Sanhueza and Angulo (2009) studied the LB version of Birnbaum-Saunders
distribution and illustrated its application in water quality analysis. Reyad et al. (2013) discussed on the
length-biased weighted Frechet distribution with properties and estimation. Seenoi et al. (2014)
discussed on the length-biased exponentiated inverted Weibull distribution with various properties and
applications. Modi and Gill (2015) obtained the length biased version of weighted Maxwell distribution
with various statistical properties. Reyad et al. (2017) obtained the length biased weighted Frechet
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distribution with properties and estimation. Karimi and Nasiri (2018) discussed the length biased
weighted Lomax distribution in the presence of outliers. Rather and Subramanian (2018), discussed on
length biased Sushila distribution with properties and applications. In recent times, Subramanian and
Rather (2020) studied a new extension of Shanker distribution with real-life data.

The scaled Teissier (ST) distribution is an important positively skewed probability model with attractive
properties; introduced by Jodra et al. (2015). Due to the interesting theoretical arguments established in
its genesis, the ST model is appropriate for describing precipitation patterns. The arguments behind its
inception have transformed the traditional Teissier distribution into a model appropriate to studying
lifetimes. However, the ST model has been used beyond the lifetime analysis. Bicer et al. (2021)
constructed a geometric process for modeling geometric count data when the distribution of the
parameter of first occurrence time follows the ST distribution. Recently, Nascimento et al. (2023) in
their analysis of financial market time series introduced a new autoregressive moving average (ARMA)
process called the ST-ARMA model, which has the ST law as the marginal distribution that has its scale
parameter serve as a proportion that can control amodal and unimodal behavior. The ST-ARMA model
was used in capturing fluctuations in cryptocurrencies, which has played an increasingly important role
in the global economy.

2. LENGTH BIASED ST (LBST) DISTRIBUTION

Length-biased sampling arises when the probability of selecting a unit is proportional to its size or
duration, a situation common in reliability, environmental, and medical studies. In such contexts,
classical models like the ST distribution may become inadequate due to the influence of bias introduced
by the sampling mechanism. The ST distribution with shape x and scale o parameters has a probability
density function (pdf) given by

e Sl Hn(z)

Ke(O,l],0'>O, X > 0.

The corresponding cumulative distribution function (cdf) is given by

F(x;zc,a):1—exp{§x—1[exp(£xj—l}}, x> 0. )

K O

Let X be a non-negative random variable with pdf f, X . The weighted version of X, say X,,, with

w!

weight function w X , has a probability distribution called the weighted distribution with pdf defined as

w x f, X

o X = Elw X |

. x>0, 3)

where E[w X |< oo,
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The LB distribution is obtained using equation (3) by setting w x = X, making it a special case of the

weighted distribution. The LB version of any distribution consists of the same number of parameters as
in the original distribution. Let f, (x)= f (X;x,0) be the density of ST distribution and E[w X ]: o

in equation (3), the pdf of Y can be expressed, following Balakrishnan et al. (2011), as

fY(y;K,0)=M, y >0, 4)
o

where w y =Yy, and o =E y , sothat Y isthe LB version of X.

Let X ~ST k,0 . Then, the LB version of X, say Y, has an LB distribution, denoted by
LBST vy;x,o , with pdf expressed as

)= Flow(5)-<loo{ v on(3e) o
Ke(O,l], c>0, y>0.

The cdf of LBST y;x,o distribution can be written in terms of the incomplete generalized integro-
exponential function, which is defined by

1
I'g+1

Ed t,w = f logu *exp —tu u "du (6)
1

where r € —o0, 00 ,q>—1and I" - is the gamma function.

The generalized integro-exponential function is obtained as a limiting value of the incomplete
generalized integro-exponential function

IimE! t;w =E t.

W—00o

Proposition 1. Let Y be a random variable having a LBST y;x,o distribution. Then, Y has a cdf
defined by

R Yik,o :AilEll[l;u]—nEé[i;u], y >0, (7
K K
where A = P 3/% and u :exp[ﬁ y].
K g

Proof. From (5), the pdf can be rewritten as
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| (yio) = exp(lz/'f)

oo(y)e|ew o 3el5)]

———ylexp| =Yy |-k |exXpi—Yy——|exp| —V ||

O O (2 K (o2

The cdf defined by the integral representation F, y;k,o :ff u du, can be derived by making
0

change of variable u = exp [f y]. Thus,
g

F (y;rc,a) =A Hlnuexp(—lujudu —Kj.lnuexp[—lujdu}.

Using (6), the cdf may be expressed as

r2 Ell[i;u]—nF 2 Eé[i;u]
K K

taking into account I' 2 = 2—11=1, the result follows.

F YKo =A

The hazard rate function of Y is easily obtained from equations (5) and (7) as

_ f, yir,0
o yimo 1-F, ly;s,0

y > 0. (8)

When y — 0, the numerator in (8) is small because the function is close to zero at very low values of y;
ie. f, y;x,0 —0, and the denominator 1—-F, y;x,o

is close to 1. It then follows that
h y;k,0 ~f, y;k,0 —0, which starts small. When y — oo, the pdf f, y;x,o

increases to a
peak and the cdf K, y;x,0 approaches 1, making 1—F, y;x,0 very small. It then follows that

h, y;x,o isastrictly increasing function of y.
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Figure 1: LBST hazard rate

Figure 1 shows that LBST y;x,0 behaves similarly to an exponential-type distribution. In this case,

h, y;x,0 increases with y, meaning the likelihood of event occurrence grows over time. This

suggests an aging process, where older entities are more likely to experience failure (e.g., machine wear-
out, human mortality). If the LBST distribution models rainfall data, an increasing hazard rate implies
that as a rainy period progress, the chance of continued rain increases.

The remainder of this paper is organized as follows. Section 3 studies some statistical properties of the
LBST distribution. More precisely, the mode is derived in terms of golden ratio and the non-central
moments expressed in terms of the generalized integro-exponential function. The quantile function is
written in terms of Lambert W function; a function that has found nice application in statistics for the
expression of quantile functions of some probability laws. The parameter estimation problem is
considered in Section 4 and a simulation study carried out to assess the performance of maximum
likelihood method as compared to method of moments. Section 5 investigates a Likelihood Ratio Test
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(LRT) that compares the ST distribution against its Length-Biased Scaled Teissier (LBST) counterpart.
In Section 6, application to real datasets is presented to illustrate the practical usefulness of the proposed
distribution and Section 7 concludes the paper.

3. STATISTICAL PROPERTIES

3.1 Mode

The mode of the LBST distribution is the value of y that maximizes f, (y;x, o), which can be found
by solving fY’(y;/c, 0) =0. The next result shows that the LBST &x,o distribution is unimodal and
that golden ratio ¢ is embedded in the structure of the mode-defining equation.

Proposition 2. Let Y be a random variable having a LBST «,o distribution with ¢ >0 and x € 0,1.
Then Y has a unique mode

Mode Y =2 Ink+2Ing , 9)

K

1++5

where ¢ is the positive solution of the equation x> —x—1=0, given by ¢ = ~1.618034.

Proof. In order to obtain the mode of Y, the equation 0/dy f, y;x,c =0 must be solved with

2
respect to y. This is tantamount to solving with respect to x the equation e*—x =rke*, with

x="Y Solving the quadratic equation in exponential x and choosing the positive root, the result
g

follows.

Figure 2 shows that the LBST distribution is unimodal and the probability of observing larger values
compared to the standard ST distribution is increased, making it suitable for modeling data with over-
representation of larger values. The exact peak and spread depend on the shape and scale parameters.
Larger shape parameters shift the peak rightward and make the tail heavier. The LBST distribution
would be particularly useful in real-life applications where larger values have an increased probability of
being observed, such as rainfall intensities, biological growth, and reliability modeling.
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Figure 2: Length-Biased Scaled Teissier distribution
3.2 Moments

The moment properties of the LBST distribution are discussed in terms of the upper incomplete gamma
function. The moments E[Y'] can be related through integration to the moments of the original ST

distribution E[X r]. The moments of Y may be obtained as follows

E[XrH] 1

= :;E[Xr“}. (10)

EY'|=
Proposition 3. Let Y have the LBST «,o distribution, then
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_ 20exp Uk 207 exp Uk

(i) EY L 0Yr, (i)E[Y?]= T 0,1k .

K

Proof. (i) The result follows from (10) because E; 1/x =rexp —1/x , Es 1/ =«I 0,1k and

qooexplUk T r+1 _
E[X"]= r EFY 1k . (11)

K

20° exp Uk

(i) From (11), since E[X3]: I' 0,1/ , the result follows by virtue of (10).

K

3.3 Quantile Function

It is well known that for length-biased distributions, the cdf F, y can be inverted numerically using
the inverse transform sampling to obtain the quantile function Q, u , which is defined as the value of
y such that K, y =u. Then, the quantile function of the LB distribution is

Q u=0Q v, (12)

-1

where v =H™ u , and H u is the size-biased transform of the uniform, defined as

1 u
Hu==/]Q, sds. (13)
u[ "

For LBST distribution, the base quantile is

Qy U;r,0 =0Q U;k , (14)

where Q U;x =1Iog 1—-u _lwl[u——l]_iz’ O<u<l.
K K rexp Uk

K
Proposition 4. The quantile function of the LBST «,o distribution is

Q u;k,o =0Q H ' u ;x, O<u<l. (15)

where W, denotes the negative branch of the Lambert W function.
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Proof. For any 0 <u <1, the size-biased transform of the uniform is as defined in (13). Using =0
and the base quantile (14) in (13), H u;x :LUQ s;kds=F y =H F, y;s,sothat H'u

is the inverse of the integral function H u;x . Now, using (12), the result follows.

3.4. PARAMETER ESTIMATION OF LBST

In this section, the following methods to estimate the parameters were discussed; maximum likelihood
and moments, which are presented in subsections 4.1 and 4.2 respectively. As it will be seen, the
estimators cannot be obtained in closed form so their performance must be assessed via a Monte Carlo
simulation study, which is given in subsection 4.3.

3.4.1 Method of Maximum Likelihood

The maximum likelihood estimates (MLES) of the parameters of the LBST distribution can be obtained
based on a random sample Y,,Y,,....Y,;where Y, ~LBST x,0 for 12,..,n. The log-likelihood

function is given by

n

(Ko :Zlogyi —2n|oga+zlog[exp[§yi]—“]JFgZyi
i=1 i=1 =
K5z g

To find the MLEs, it is required to differentiate ¢ x,0 with respectto x and o and set the equations to
zero.

(16)

ol k,o 2n n 1 :
=———%Zyiexp[§yi]-—ﬁ —50Y,

do o oI exp|Zy |-k o’ 3
o’ a7
1 n
+520 e><|0[E yi],
g i
ol k, d n
Ok T exp Ey o o 0
o (18)

KO 3 i P o) K

i=1

The two equations (17) and (18) can be solved iteratively to obtain the MLEs £ and &.
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3.4.2 Method of moments

Let C=exp /x T 0,1/« , then the first and second moments of LBST can be rewritten respectively as

Ey =2°C and E[Yz]:ZUZC
2y

K

. The sample mean and variance are respectively defined as

Y = 1z:Yi and S} = EZ Y, —Y °. The Method of Moments equates the theoretical moments with
n n

sample moments.

Vzﬁ, so that o = 2
K

Solving for « using the variance equation,

S¢

_20°C _[g]z

K K

This leads to quadratic equation in &,
Sik? —20°Ck +40°C* =0.

Using the quadratic formula,

| 20°C +\40*C? ~160°C?S?
B 252

K

or equivalently,

0°C +0C\Jo? — 482 Y2 [C £ kY[ KVP/CP —aS]

R = = ]

Sy Sy

Since k€ 0,1, the valid root must be chosen and finally < be substituted into o = % to get 4.
4. Simulation Study

Tables 1 and 2 summarized the parameter estimation performance of the method of moments (MOM)
and maximum likelihood estimation (MLE) for the LBST model across varying sample sizes. The
performance is evaluated based on statistics like bias, variance, and mean squared error (MSE).

Table 1: MOM Estimates

x=0.8 oc=15
n Bias £ Var & MSE £ Bias & Var & MSE &
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50 0.1999 0.0000 0.0400 0.6918 0.0119  0.4905
100 0.1999 0.0000 0.0400 0.6994 0.0055  0.4947
200 0.1999 0.0000 0.0400 0.7017 0.0029  0.4953
500 0.1999 0.0000 0.0400 0.7038 0.0011 0.4904

1000 0.1999 0.0000 0.0400 0.7028  0.0005  0.4945

From Table 1, all the statistics for estimating ~ remain constant for all sample sizes, indicating that the
MOM estimator is consistently biased for this parameter. Surprisingly, the bias increases slightly with
sample size for o estimates. This contradicts the expected behavior, though the variance decrease as
sample size increases, suggesting a limitation in the efficiency of the MOM estimator for this model.
The MSE of o estimates remain relatively stable (approximately 0.49), showing no significant
improvement in accuracy as the sample size increases. These results suggest that the MOM approach is
not consistent or efficient for estimating parameters of the LB-ST distribution. It fails to leverage the
benefits of larger sample sizes, making it less suitable for practical inference in this context.

Table 2: MLE Estimates

x=0.8 oc=15
n Bias £ Var & MSE £ Bias & Var & MSE &
50 0.0150 0.0237 0.0239 -0.0013 0.0180 0.0180
100 0.0148 0.0158 0.0160 0.0056 0.0111  0.0112
200 0.0092 0.0088  0.0088 0.0039 0.0060 0.0061
500 0.0026  0.0033  0.0033 0.0012 0.0023  0.0022

1000 0.0004 0.0018 0.0018 -0.0009 0.0013 0.0013

From Table 2, the bias decreases steadily as the sample size increases, approaching zero. This shows
that the MLE estimator is asymptotically unbiased for both parameters. The variance also decreases
significantly with sample size, consistent with theoretical expectations. The MSE drops sharply,
indicating improved estimation accuracy with more data. For example, the MSE for estimating the scale
parameter drops from 0.0180 (n = 50) to 0.0013 (n = 1000). MLE demonstrates superior statistical
properties: it is consistent, asymptotically normal, and efficient. The declining MSE confirms that
estimation improves reliably with larger samples.

5. LIKELIHOOD RATIO TEST

Let X, X,,..., X, be a random sample of size n from either the ST or LB-ST distribution. The hypotheses
for the LRT are

Hy: % ~ST k0,
H,: X, ~LB—-ST k,0,

where x € 0,1 and o > 0. The LRT statistic is given by
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=2 Ko ’%0160 -, ’%1’&1 ' (19)

where £,,6, and £,6, arethe MLEs under H; and H, respectively, obtained using the respective
log-likelihoods

(g i —-ntog+ S o[ |+ 55 - 15 (o]
i=1 g (O i g

and

(, k,0 =—2nlogo + > logXx +Zlog[exp[fxi]—m]+z
i—1 i—1 9

i=1

sileelinl )

If A islarge (i.e., log-likelihood under LBST is much higher), H, is rejected in favor of H,, suggesting
data is better described by the length-biased model.

Under standard regularity conditions, the LRT statistic in (19) approximately follows a chi-square
distribution with degrees of freedom equal to the difference in number of parameters under H, and H,.

Since both models have the same number of parameters, the test is not a nested model in the usual sense.
The LBST distribution is a weighted version of ST, so standard chi-squared approximation may not be
valid. Instead, parametric bootstrap is therefore employed for computing the p-value of the LRT.

A Monte Carlo simulation study was conducted to evaluate the performance of the LRT under both the
null and alternative hypotheses. The number of simulation replicates is 500. Samples were generated
from the ST distribution and the LB-ST distribution. For each simulated sample, the ST and LB-ST
models were fitted using MLE, and the LRT statistic was computed across replications. The empirical
size and power of the test were then estimated at 5% level of significance. The size was defined as the
proportion of rejections when the true model was the ST distribution, while the power was defined as the
proportion of rejections when the true model was the LB-ST distribution.

Table 3 summarizes the empirical performance of the LRT. The empirical size matches the nominal
level exactly, suggesting that the LRT correctly controls the Type | error under the null. However, the
empirical power is relatively low at small sample sizes, indicating a limited ability to detect length bias
when present, at these sample sizes. A substantial increase in power is observed at n = 150 (power =
0.59), and the test becomes highly effective at n = 200, where the power reaches 0.973, indicating near-
certain rejection of the null hypothesis when the LB-ST model is correct.

Table 3: Empirical power and size

Sample size (n) Empirical power Empirical type | error (size)

30 0.11 0.050
50 0.083 0.050
70 0.273 0.050
100 0.173 0.050
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150 0.59 0.050
200 0.973 0.050

The power curve in Figure 3 illustrates that the LRT is underpowered in small samples, but becomes
highly reliable in larger samples, specifically n > 150. The horizontal dashed line marks the
conventional target power level of 0.8. The curve intersects this threshold just before n = 200, implying
that a sample size of at least 180-200 may be required for the LRT to achieve adequate power in

distinguishing LB-ST from ST.

Power Curve of LRT: ST vs LB-ST
1.00

@ 075
=
[m]
(R
3 050
a
=
LU

=
M
ch

50 100 150 200
Sample Size (n)

Figure 3: Detecting LB-ST Distribution
6. APPLICATION

To illustrate its practical usefulness, the LBST distribution is applied to water quality data involving
dissolved oxygen (DO) concentrations. DO is an important indicator of water quality and ecosystem
health, as it affects the survival of aquatic organisms. The dataset used in this application was obtained
from the publicly available U.S. Geological Survey (USGS) National Water Information System
(NWIS) database (https://waterdata.usgs.gov). The dataset in Table 4 consist of DO concentrations (in
mg/L) recorded at various river monitoring stations.

Table 4: DO concentrations (in mg/L)

8.2 7.5 6.9 7.8 9.1 6.5
8.6 7.2 6.8 8.0 9.5 7.1
6.6 7.4 8.3 7.0 6.7 8.4
7.3 8.1 9.0 6.4 7.9 6.3
8.8 7.6 8.7 6.2 9.2 7.7

Sirajo et al., (2025) Page | 349


https://waterdata.usgs.gov/

ICSSDA 2025 Conference Proceedings

Both the ST and LBST models were fitted to the data using maximum likelihood estimation. Model
performance was compared using the log-likelihood, Akaike Information Criterion (AIC), and Bayesian
Information Criterion (BIC). The formulae for calculating AIC and BIC are

AIC = 2k — 2¢, BIC =k-In n —2¢, (20)

where k is the number of parameters (which is 2 for both ST and LBST models) and n is the sample
size (in this case, 30). From Table 5, it has been observed that the LBST distribution have the lesser AIC
and BIC values as compared to ST distribution.

Table 5: Estimates, AIC and BIC (real-world dataset)

Model « (Shape) o (Scale) ¢ (log-likelihood) AIC BIC

ST 0.1502 7.0031 -39.267 82.534 85.344
LBST 0.2089 7.3987 -37.010 78.020 80.830

The results in Table 5 show that LBST model has a higher log-likelihood, indicating a better fit. Because
the LBST model yields lower AIC and BIC values compared to the standard ST model, it suggests that
the length-biased structure of the LBST model captures the data's distribution more effectively,
accounting for possible overrepresentation of higher DO values. This evidence confirms that the LBST
model is more suitable for analyzing DO data, where observational biases such as preferential recording
of larger values may occur. The improved fit also supports its relevance in ecological and hydrological
studies. Hence it can be concluded that the LBST distribution leads to a better fit than the ST
distribution.

To further illustrate the application of the LBST model, we analyze a relatively large dataset (n = 160)
of DO concentrations. The dataset used here is synthetically generated to mimic potential patterns
observed in real-world DO measurements. Both the ST and LBST models were fitted to the data using
maximum likelihood estimation.

Table 6: Estimates, AIC and BIC (synthetic dataset)

Model « (Shape) o (Scale) ¢ (log-likelihood) AIC BIC
ST 0.0960 6.0011 -534.9380 1073.8761 1080.0264
LBST 0.0960 6.0011 -571.6730 1147.3460 1153.4963

In this dataset, the ST model outperformed the LBST model, as indicated by a higher log-likelihood and
lower AIC and BIC values. This result contrasts with the small-sample example, highlighting that the
advantage of the LBST model is context-dependent and more pronounced when there is significant
length bias in the data.
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ST vs LBST Model Fit to DO Data (n=160)

Observed Data
ST PDF (0=0.096, B=6.001)
0.08t —— LBST PDF (a=0.096, =6.001)
0.06
=
1))
c
()
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Dissolved Oxygen (mg/L)

Figure 4: Histogram of observed dissolved oxygen data (n=160) with overlaid fitted PDFs for the ST
and LBST models.

7. CONCLUSION

The LB distributions provide a unifying approach for confronting problems of model specification and
data interpretation in traditional environmetric theory and practice. Failure to make such adjustments can
lead to incorrect conclusions. In this article, the LB version of the ST distribution was developed. This
new model turns out to be quite flexible for modeling water quality. The density, distribution function,
hazard function, moments and some plots were provided. Also, some properties of this new model were
obtained. By using likelihood method, statistical inference was carried out on the parameters of the new
model, and likelihood ratio test discussed. An application to real data showed that this new model is a
flexible alternative to the ST distribution. Here, it is postulated that the LBST distribution is appropriate
for modeling water quality. In the synthetic example, possible dependencies within the observations
have been taken into account. This represents an important aspect to be considered in water quality
analysis.
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